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Synopsis

The results of butadiene polymerization initiated with CoCl, - 4Py/Et,AICl/H,0 are pre-
sented. The effectiveness of statistical experimental design techniques is demonstrated in identify-
ing the individual and joint effects of polymerization variables on rate constants, molecular
weights, and polydispersity. The proposed conversion model, representing polymerization with
instantaneous initiation and bimolecular termination, was found to provide an adequate represen-
tation of experimental conversion data. Evidence indicates that water is not only directly
involved in the initiation reaction but also plays an important role in the chain transfer reaction.

INTRODUCTION

Polymerization of butadiene initiated with CoCl, - 4Py /Et,AlCl/H,0 has
been a subject of interest in many investigations'~® in which the individual
effects of catalyst components and temperature on the polymerization rate
and molecular weight of polymer products have been fairly thoroughly studied.
However, the joint effects of these reaction variables, taking account of their
potential interactions, have been largely ignored. Clearly, knowledge of such
joint effects is essential for a more complete characterization of any polymer-
ization process.

The objective of this paper is to demonstrate the applicability of statistical
experimental design techniques to the study of the kinetics of the above-men-
tioned polymerization system to determine the individual and joint effects of
the reaction variables. The advantages of planning experiments with the aid
of statistical design strategies have been amply demonstrated in studies of
general kinetics® as well as other fields.” Nevertheless, application of these
strategies in polymerization studies has not yet become common practice.

For this study polymerization was carried out in a batch reactor of 1-L
capacity under a dry nitrogen atmosphere. Details of the polymerization
procedure have been described by Ho.® Briefly, once the control of the
temperature had been established, the monomer solution in toluene was added
to the reactor, followed by diethylaluminum chloride (DEAC), and then the
solution of cobalt catalyst. The water level in the reactor was controlled by
adding water-saturated toluene. Samples were taken from the reactor at
predetermined time intervals, and the monomer conversion was measured by
the amount of polymer formed. The polybutadiene product was separated
from the reaction mixture and its molecular weight distribution was de-
termined using gel permeation chromatography.
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EXPERIMENTAL

The operating variables selected for this study were temperature, con-
centration of water, and concentration of DEAC. The concentrations of cobalt
and monomer were not included as variables in this study because their
first-order effects on polymerization rate have been well established.

One experimental strategy, which is still commonly used to determine how
different experimental conditions (operating variables) affect the rate con-
stants and molecular weights (responses), is one-variable-at-a-time. The weak-
ness of such a method has been well explained by Box et al.” This strategy
provides information about the individual effects of the operating variables
but not their interaction of synergistic effects. In contrast, a two-level experi-
mental design requires fewer runs per variable studied to obtain the same
information, but also reveals the joint effects of the operating variables on the
responses of interest. However, since two-level designs require each operating
variable to be tested at only two values, they cannot provide information
about the quadratic effects of the operating variables. Some quadratic terms
would be expected to be important in functional relationships between the
rate constants or molecular weights and the operating variables in a system
such as this one. The central composite design, originally proposed by Box
and Wilson,'° is one suitable experimental design for obtaining this more
complete set of information and was selected in this work. It is an augmenta-
tion of the two-level factorial design with additional points at the central and
axial positions in the operating region of interest.

A central composite design for the three operating variables in this study is
shown in Figure 1 and the 15 sets of operating conditions for this design are
given in Table 1. The cobalt concentration and the monomer concentration
were held constant at 0.11 and 1.15 mol/L, respectively, throughout this
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Fig. 1. A central composite design for three variables.
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TABLE I
Operating Conditions for the Central Composite Design®
Point [H,0] (mmol /L) [Et, AICI] (mmol /L) Temp (°C)
D1 8.95 24.28 25
D2 4.31 24,28 25
D3 8.95 14.57 25
D4 4.31 14.57 25
D5 8.95 24.28 15
D6 4.31 24.28 15
D7 8.95 14.57 15
D8 4.31 14.57 15
CENTRE 6.63 19.43 20
TAP 6.63 19.43 28.4
TAM 6.63 19.43 11.6
AAP 6.63 27.58 20
AAM 6.63 11.28 20
WAP 10.53 19.43 20
WAM 2.75 19.43 20
#{Co] = 0.11 mmol/L and [M] = 1.15 mol /L for all runs.
TABLE 11
Percentage Conversion (%) as a Function of Time ¢ (min)
t % t % t % t % t % t % t % t %
D1R1 D1R2 D2R1 D2R2 D3R1 D3R2 D4R1 D4R2
10 12 10 13 10 11 10 3 13 8 10 8 10 23 10 27
15 16 20 22 20 19 20 18 20 9 20 8 20 38 20 44
20 20 30 29 30 26 30 25 30 12 30 15 30 50 30 55
25 21 40 36 40 33 40 30 40 12 40 16 40 55 40 64
36 30 50 43 50 40 50 37 50 15 50 17 50 66 50 71
45 34 60 48 60 45 60 41 60 17 60 20 60 71 60 75
50 38 75 56 75 52 75 46 70 18 70 22 70 77 70 80
64 45 90 62 90 54 8 49 8 19 8 23 8 78 8 8l
69 47 120 81 100 56 88 52 90 20 90 24 90 82 90 84
76 50 150 85 113 58 101 21 100 27 100 82 100 87
80 51 110 22 110 26 110 84 110 89
120 23 120 28 120 89 120 92
D5R1 D5R2 D6R1 D6R2 D7R1 D7R2 D8R1 D8R2
10 6 10 9 10 11 10 12 10 5 10 5 10 3 10 5
21 10 20 13 20 19 13 18 20 9 20 7 20 11 20 12
30 14 30 14 31 28 17 21 30 11 30 10 30 14 30 17
40 18 40 19 39 33 20 24 40 13 40 12 40 22 40 22
50 21 50 24 50 42 24 26 60 18 50 14 50 27 50 26
60 25 60 28 61 50 29 33 70 21 70 20 60 31 55 29
70 29 70 3 65 52 36 38 91 26 8 21 71 36 60 31
80 31 80 33 70 54 44 46 100 27 90 23 75 37 65 33
91 36 90 38 73 54 48 46 110 28 - 100 25 79 38 71 35
100 38 100 41 79 57 54 51 120 30 110 27 83 39 75 35
110 39 110 44 83 59 58 54 120 29 88 42 80 39
120 43 120 47 61 61 92 43 85 39
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TABLE II (Continued from previous page.)

CR1 CR2 CR3 CR4 CR5 CR6 CR7 CR8
4 4 4 4 4 5 4 5 4 6 4 4 4 4 4 4
5 4 5 5 5 6 5 6 5 7 5 5 5 5 5 6
6 5 6 5 6 6 6 7 6 8 6 6 6 6 6 7
8 6 8 7 8 8 8 8 8§ 10 8 7 8 7 8 8
10 8§ 10 8§ 10 1 10 10 10 13 10 9 10 9 10 10
20 4 20 15 20 18 20 17 20 23 20 15 20 15 20 18

40 25 41 26 40 32 40 31 40 39 40 26 40 30 40 32
60 35 60 36 60 43 60 42 60 51 60 35 60 41 60 43
80 42 80 4 8 53 8 51 8 57 100 50 8 50 80 52
100 49 100 51 100 61 100 60 100 70 120 58 100 56 100 58
120 56 120 57 120 67 120 68 120 76 150 64 120 61 120 64
150 67 150 60 150 79 150 83 150 83 — — 150 75 150 72
TAPR1 TAPR2 TAMR1 TAMR2 AAPR1 AAPR2 AAMRI1

4 7 5 9 4 3 5 4 4 4 5 5 4 3
5 9 10 16 5 4 10 8 5 5 10 3 5 3
6 10 15 23 6 4 15 1 6 6 15 10 6 4
8 12 25 34 8 5 25 17 8 7 26 24 8 5
10 14 35 43 10 5 35 23 10 9 3 32 10 7
20 24 45 50 20 9 4 28 20 15 45 39 20 13

40 40 60 58 40 17 60 36 40 26 60 48 40 23
60 51 75 64 60 23 75 42 60 36 75 55 60 31
80 60 9 69 8 29 90 47 8 43 90 59 8 37
100 68 100 76 100 35 100 50 100 51 100 62 100 42
120 74 110 77 120 40 110 52 120 56 110 65 120 47
150 82 120 8 150 47 120 55 150 64 120 71 150 43
WAPR1 WAPR2 WAMR1 WAMR2

4 4 5 5 4 12 5 12
5 5 26 15 5 16 10 25
6 6 35 19 6 19 15 35
8 6 45 23 8 23 25 52
10 7 60 29 11 31 3 63

20 13 75 34 20 48 45 7
40 23 90 39 40 70 60 81
60 31 100 41 60 81 75 85
80 38 110 44 8 87 92 88
100 44 120 47 100 91 100 90
120 50 — — 120 95 110 91
150 56 — — 150 97 120 93

study. Eight replicate runs were carried out at the center point, CENTRE,
and two replicate runs were performed at each of the other design points
except the point AAM where only the result of one run is available. Data from
replicate runs provide an estimate of experimental error variance indepen-
dently of the model being fitted. Replicates at different operating conditions
enable the uniformity of the error variance to be tested. The experimentally
measured monomer conversion data for sampled polymerization times are
given in Table II. The replicated operating conditions are denoted by R1, R2,
etc. The runs were executed in random order.
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CONVERSION MODEL

A polymerization reaction usually involves four fundamental steps: ini-
tiation, propagation, chain transfer, and termination (or catalyst deactivation).
In formulating a conversion model the chain transfer reaction does not alter
the population of active polymer molecules in the reaction mixture. In many
cases, particularly in Ziegler—Natta polymerization, initiation can often be
treated as an instantaneous reaction and the termination reaction may be
either bimolecular or unimolecular. With these possible alternatives a variety
of models can be derived based on various combinations of the polymerization
steps.

However, assessment of various fitted models to preliminary experimental
data in this study indicated that the only model providing an adequate
representation of the conversion data was the one involving instantaneous
initiation and bimolecular termination:

In([M]./[M]) = (k,[Co*]./k,[Co*],)In(1 + k. [Co*]it) (1)

where [M] = monomer concentration, [Co*] = concentration of active com-
plex, k,, k,. = rate constants for propagation and termination, respectively,
t = polymerization time, and i = initial value. Subsequent analyses of the
conversion model were based on eq. (1).

RESULTS AND DISCUSSION

Testing the Adequacy of the Conversion Model

Before fitting the conversion model to the experimental data, it is im-
portant to know whether the error variance is constant throughout the
operating region. Bartlett’s test'! was used for that purpose.

A pooled estimate of the error variance, provided by the replicate runs at
each set of operating conditions, is given by

k k
sz = [g (m; - I)Sf]/[_g (m; - 1)] (2)

where S? = estimated error variance from the ith set of replicate runs,
m; = number of replicate runs in set i, £ = number of sets of replicate runs,

and 82 = pooled estimate of error variance with Yk (m;— 1) degrees of

freedom. The statistic B is then calculated as follows:

11 k ) k )
B=E{§{(Zmi)—k}lnsp~ Z(mi—l)lnS‘-} (3)

i=1 i=1
where

T (/m) - 1/2k (m,
/m3k_3 (m,) @

C=1+

The value of test statistic B is assessed using a x? distribution with & — 1
degrees of freedom.
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Fig. 2. Fractional monomer conversion as a function of time: (O) run WAPRI1; (a) run
WAPR2; (O) run WAMRI; (v) run WAMRZ2.

The results of Bartlett’s test for the data in Table II indicate that the
replicate runs at operating conditions D4, D5, CENTRE, and TAP have
different error variances than at the other operating conditions. As a conse-
quence, weighted least squares, rather than ordinary least squares, was used to
fit the conversion model (1) to the data from those runs.

Typical plots and fits of eq. (1) for monomer conversion as a function of
polymerization time are shown in Figure 2.

Following fitting of eq. (1) to the data for each of the 15 operating
conditions, the adequacy of each fitted model was assessed. Plots of residuals
(or weighted residuals in the case of runs at D4, D5, CENTRE, and TAP)
against values of In([M],/[M]) obtained from the fitted models were first
examined. Two examples of these plots are shown in Figures 3 and 4. Figure 3
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Fig. 3. Residuals vs. predicted values of In([M];/[M}) for run D7R2.
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Fig. 4. Residuals vs. predicted values of In([M],/[M)) for run AAPRI.

indicates no apparent systematic trend, and this was the case in most of the
experimental runs. Exceptions did exist, however, such as that shown in
Figure 4. For such cases a more objective statistical test of the residuals!® was
performed to determine whether or not the time sequence of residuals wak
random.

Defining n, and n, to be the numbers of residuals with positive and
negative values, respectively, U the number of changes in sign among the
residuals in the time sequence in which the data were collected, p the mean of
the discrete distribution of U, and ¢? the variance of the discrete distribution
of U, a unit normal random variable Z can be defined as

U-p+05

zZ (5)
o
where p and 62 are given by
2n.n
p= 1 (6)
n, +n,

2n,n,(2n,ny — n, — n,)

o? = (7

2
(n, + ny) (nl +ny,—1)

Z can be evaluated for the set of residuals from each experimental run. The
probability of a particular value of Z can then be obtained from a normal
distribution table, and the value of that probability can indicate whether or
not the residuals for that particular run behave randomly. A probability level
of 0.05 was chosen in this study as a level of significance for this test. In other
words, any set of residuals that produced a calculated probability greater than
0.05 would be considered to have a random arrangement.
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Using this test, the residuals in runs TAPR1, TAMR1, AAPRI1, and
WAPRI1 were found to have systematic time trends. Residual sequences in all
other runs were found to be random. There was no apparent cause for the
residuals in those four runs to display systematic behavior, particularly since
the residuals from each associated replicate run indicated no such time
dependence. One possible cause might be that 30-45 s are required to withdraw
a sample solution from the reactor and quench the reaction. For those four
runs having nonrandom residuals, nearly half of the data points were taken
during the very early stage of polymerization in order to obtain more informa-
tion about the initiation step. Each recorded sampling time might have lagged
the actual polymerization time by as much as 40 s. This problem would be
particularly serious at the early stage of the reaction where the polymeriza-
tion rate is high and the monomer conversion is low, and could therefore affect
the conversion results. This might also explain why large positive residuals
were frequently observed in a number of preliminary samples where time
dependence was found. ’

Statistical evaluation of the adequacy of the fitted conversion model was
also carried out using a lack of fit test.!? In this test, the ratio of the variance
due to lack of fit to the variance due to pure error calculated from replicates is
compared with the appropriate F-distribution. For all runs the calculated
ratios were found to be nonsignificant, indicating that there was no evidence
to suggest any inadequacy in the proposed conversion model under the
experimental conditions studied.

The conversion model (1) was fitted to the combined data from the two
replicate runs at each set of operating conditions. Table III presents the
estimates of the parameters and their standard deviations for all experimental
conditions.

Relating the Rate Constants to the
Operating Conditions

The dependence of each of the estimated rate parameters, k,[Co*], and
k,[Co*],, as a function of the three operating variable, was developed em-
pirically using a full second-degree polynomial. In developing these equations
a larger body of experimental data was used, including preliminary experimen-
tal runs as well as the replicated runs of the central composite design.

Before fitting empirical models to the estimated rate constants, the con-
sistency of the variances of individual rate constants was checked using
Bartlett’s test over all of the experimental runs. The results of this exercise
indicated that these variances changed with operating conditions and so
weighted least squares was employed.

A full second degree polynomial model was fitted first for each of the rate
constants:

k= B, + B,T + B,[H,0] + B;[DEAC] + B,T? + B,[H,0]
+B,[DEAC]? + B,T[H,0] + B,T[DEAC] + B,[H,0][DEAC] (8)

where £ is the estimated rate constant (& » or k,.) from the conversion model
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TABLE IV
Estimates of Parameters and Associated Standard Deviations for the
Empirical Models for the Rate Constants

t Ratio
Estimated (parameter estimate /
Rate constant Parameter estimate standard deviation standard deviation)
k,[Co*); B, 450 x 107° 1.64 X 1073 2.75
B, -242 x 1074 8.23 x 107° —2.94
B, 771 x 1076 5.07 x 1078 1.52
B, -1.67 X 1078 7.99 x 1077 —2.09
B, 497 X 1078 2.38 X 1076 2.09
k, [Co* ], B, 155 x 1074 483 x 1072 3.21
B, 1.62 X 1076 1.03 x 1078 1.58
B, ~878 x 1076 323 x10°¢ -2.72
By ~5.46 x 1075 1.94 X 1076 -2.81
B, —8.64 x 1075 3.34 x 10~°¢ ~2.59
(1), B;, i = 1,...,9, are regression coeflicients, and T is the temperature (°C).

After dropping the insignificant terms from the fitted equation (8), reduced
models were fitted to ti.c data. The final fitted empirical models were as
follows:

k,[Co*], = 546 x 10~* + B,T + B,[H,0] + B;[H,0]*
+B,T[H,0] + B,[H,0][DEAC] (9)

k,[Co*],= —1.44 x 10~ % + B,[DEAC] + B,T? + B,T[H,0]
+B,T[DEAC] + B,[H,0][DEAC] (10)

Parameter estimates for egs. (9) and (10) along with their estimated standard
deviations and ¢ ratios are given in Table IV. For the propagation rate
constant &, the individual effects of two of the operating variables, tempera-
ture and water content, can be seen to be slightly more important than those
due to the interaction terms. It has been commonly observed by previous
workers'® ! that there exists a maximum in the plot of polymerization rate vs.
[H,0]. Since the water concentrations studied in this work are higher than
those reported in the above references, the decrease in k,[Co*]; with an
increase in [H,0] is reasonable.

Previous work has also shown that the [H,O]/[DEAC] ratio has a strong
influence on the polymerization rate. The results of this study support that
finding since the pattern of the change in %, with [H,0]/[DEAC] are
consistent with these previously reported.

Correlation of M,, M, and PD

Number and weight averages of molecular weights (M, and M,) and
polydispersity (PD = M, /M, ) were determined at a number of conversions
for the polymer products from the eight operating conditions at the “corner
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Fig. 5. Weight average molecular weight M, as a function of fractional monomer conversion
x: (O) run D2R1; (@) run D1R4; (o) run D6R1.

positions” of the central composite experimental design (conditions D1-D8).
At each of the axial positions of the design only one sample, at about 27%
conversion, was taken.

Figure 5 shows the general behavior of M,, as a function of monomer
conversion. M, increases slowly initially with fractional monomer conversion,
and then increases more rapidly near the end of the polymerization reaction
(approximately 2 h). The polydispersity increases with monomer conversion to
a maximum, and then, when M, begins to increase sharply, PD begins to
decrease. Similar results have been obtained by Yang and Hsu'® for the
catalyst system Co(acac),/Al(i-Bu),/H,0 and by Hsu and Ng* for the same
catalyst used in this work but at lower water and DEAC concentrations. The
molecular weight distributions of many polybutadiene samples in the current
study were found to possess a shoulder peak in the high molecular weight
region. For those samples which did not have a shoulder peak, the distribution
curves declined linearly at high molecular weights. These observations support
the bimolecular termination reaction inferred from fitting the conversion
model. At the initial stage of polymerization, termination by combination is
relatively less important than propagation; but the significance of the
termination reaction increases with conversion and becomes even more im-
portant relative to propagation towards the end of polymerization. Indeed, in
this study shoulder peaks were found to be more prevalent for those samples
taken at high monomer conversions.

The influence of temperature and compositions of catalysts have been
studied previously under controlled conditions by other researchers.!-® 1415
But those reports considered the individual rather than the joint effects of
those factors. In this study it has been demonstrated that, with the help of an
appropriate statistical experimental design, the individual and joint effects of
these variables can be studied effectively with minimum effort.
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TABLE V
M, M, and PD Measured at About 27% Monomer Conversion
Fractional
monomer

Expt. no. conversion M, x107° M, x 1074 PD
DiR1 0.25 1.95 3.44 5.66
D1R2 0.30 1.48 3.34 4.43
D2R1 0.26 2.07 4.32 4.80
D2R2 0.25 2.56 7.41 3.46
D3R2 0.25 2.19 3.91 5.58
D4R2 0.26 0.90 2.28 3.96
D5R1 0.25 1.40 2.88 4.85
D6R2 0.27 1.92 5.68 3.37
D7R2 0.25 1.48 3.65 4.05
D8R2 0.27 1.82 5.27 3.45
CENTRE R3 0.27 2.98 5.92 5.04
CENTRE R6 0.24 2.04 2.68 7.59
CENTRE R8 0.30 3.31 7.13 4.65
TAPR2 0.24 1.30 1.75 7.43
TAMR2 0.24 0.78 2.47 3.18
AAPR2 0.25 1.53 3.84 3.98
AAMRI1 0.24 0.41 1.69 2.45
WAPR1 0.24 0.18 0.76 2.36
WAMRI1 0.24 0.95 2.08 4.57

As an illustration consider the molecular weight and PD data at approxi-
mately 27% monomer conversion as given in Table V. These data were chosen
from experiments at each of the 15 operating conditions in the central
composite design. As in the empirical modeling of the rate constants, full
second-degree polynomial models of the form of eq. (8) were fitted to M,,, M,,,
and PD as functions of T, [H,0], and [DEAC]. Nonsignificant terms in the
fitted models were then deleted, and the reduced model forms were refitted to
the data. The final models are given by egs. (11)-(13), and the estimated
parameter values with corresponding standard deviations and ¢ ratios are
given in Table VL

-1.39 x 10° + B,T + B,[H,0] + B,[DEAC]

M,

w

PD

+B,T? + B,[H,0]* + B;[DEAC]*

—1.11 x 108 + B,T + B,[H,0] + B,[DEAC] + B,T*

+B,[H,0]* + B;[DEAC]

—13.99 + B,[H,0] + B,[DEAC] + B,[H,0]?

+ B;[ DEAC]?

(11)

(12)

(13)

These equations indicate that the behavior of the molecular weights and
polydispersity can be described by the individual effects of the operating
variables alone since none of the interactions between variables were found to

be significant.
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TABLE VI
Estimates of Parameters and Associated Standard Deviations for
the Empirical Models for M,,, M,,, and PD

Estimated
Model Parameter estimate standard deviation t Ratio
M, B, 6.18 x 10* 3.68 x 10* 1.68
B, 1.16 x 10° 5.69 x 10* 2.04
B, 6.30 x 104 3.80 X 10* 1.66
B, ~1.39 x 103 9.15 x 102 -1.52
B, -9.58 x 10* 4.20 x 103 —2.28
B -1.58 x 103 9.63 x 10? - 1.64
M, B, 8.09 x 103 9.99 x 103 0.81
B, 1.34 X 104 1.54 x 10* 0.87
B, 422 x 108 1.03 x 10* 0.41
B, -1.89 x 102 2.49 x 102 ~0.76
By ~1.33 x 103 1.15 x 103 ~1.16
B, -1.01 x 10? 2.62 X 102 -0.38
PD B, 1.76 9.89 x 107! 1.78
B, 1.34 6.63 x 107! 2.02
B ~128 x 107! 7.40 X 1072 -1.73
B; -3.30 x 1072 1.68 x 1072 -1.96

As can be seen from Table VI, among the three variables tested the
concentration of water is the most prominent controlling factor for M,,. The
combined effects of the first and second order terms in water concentration
indicate that M, passes through a maximum value within the range studied.
Molecular weights of samples taken at approximately the same conversion in
several similar systems®!* were reported to increase with water content. It
should be noted, however, that the present data were obtained at higher water
concentrations, up to 11 mmol /L, than those in the previous studies which
were well below § mmol /L. The results obtained in the present study agree
with those reported by Zgonnik.5

It is believed that water not only participates in the initiation reaction but
also plays an important role in the chain transfer reaction upon which PD
depends. The significant effects of the concentrations of water and DEAC in
the fitted model (13) for PD support this conjecture. According to this
empirical model, PD passes through a maximum as the concentration of either
water or DEAC increases over the operating ranges studied.

Increases in the polymerization temperature and the concentration of
DEAC over the ranges studied were both found to cause M, to pass through a
maximum. The net effects are small, however, and agree with the results
obtained by Bawn' for a Co(acac),/Et,AlCl/H,0 catalyst over a range of
DEAC concentrations from 2.5 to 10.0 mmoi /L.

The nonsignificant values of all of the parameter estimates in the fitted
empirical model (12) for M, can be attributed to the large scatter in the
molecular weight data.

CONCLUSION

In this study of the polymerization of butadiene initiated with CoCl,
4Py /Et, AIC1/H,0 catalyst, the effectiveness of statistical experimental de-
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sign techniques has been demonstrated in identifying the individual and joint
effects of polymerization variables on rate constants, molecular weights, and
polydispersity. Clearly this approach can also be applied to other polymeriza-
tion systems or more generally to other processes.

Monomer conversion data as a function of polymerization time have also
been presented. The proposed conversion model, representing polymerization
with instantaneous initiation and bimolecular termination or catalyst
deactivation, was found to provide an adequate representation of these data.
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